Abstract. Birds flying across a region containing a windfarm risk death from turbine encounters. This paper describes a geometric model that helps estimate that risk and a spreadsheet that implements the model.
Introduction
After several years of controversy, Cape Wind will soon begin constructing a wind farm of 130 turbines, each about 100m in diameter, spread over about 65 km 2 (25 square miles) in Nantucket Sound off the coast of Massachusetts.
One component of the controversy is the potential for mortality of birds that pass through the wind farm. This paper and the software it describes is the result of a request from the biologist (Hatch) to the mathematicians (Bolker and Zara) for help with some of the underlying elementary geometry for modeling encounters with wind turbines during such crossings. Given turbine locations, flight direction, and the probability of a bird surviving a single passage through a turbine we calculate the expected number of turbine encounters for each bird and the probability of safe passage through the windfarm. To estimate absolute mortality numbers you must combine these per bird estimates with data about the number of birds exposed to the risk.
The most significant simplifying assumption is requiring a single input parameter for the survival probability for a single encounter. That number is hard to know. It depends on bird and turbine characteristics, on bird behavior (e.g. avoidance) and on flight and wind speed. Band [1] proposes a model that predicts the probability of surviving an encounter based on these inputs. Our model complements his: he pays careful attention to details at the level of the individual birds and turbines, but does not deal with the the arrangement of turbines in the farm.
Date: August 6, 2014. Our model is particularly straightforward mathematically. For some questions all you need for good bounds or even exact answers (to the model) is a calculator and the number and size of turbines. For others an Excel spreadsheet (which we provide) does the job.
One important insight to draw from our geometric model is that birds passing through the wind farm turbine height, may encounter surprisingly few turbines and that this number is probably greatly reduced by avoidance. Chamberlain et. al [6] show that Band model predictions are much more sensitive to errors in estimating avoidance behavior than to equivalent errors in all other input parameters. Birds may act to avoid both whole turbines individual blades, so may lower both the average number of turbines encountered and the encounter mortality probability. Since we assume no active avoidance, our mortality estimates are likely to conservative -that is, too high.
Our model is generic -it accepts turbine coordinates as input. In this paper we apply it to a simple example that makes the geometry and mathematics clear. In Section 6 we report on several studies that use it in real situations.
The basic model
We assume that each bird follows a path T when it flies at a constant speed, height and heading (direction) across an area containing a wind farm. We want to compute the mortality probability M (T ) that the bird fails to survive its passage through the wind farm. To that end, let E(T ) be the number of turbines the bird encounters in its travel along T . Let p be the probability of safe passage through one turbine, and assume that surviving turbine encounters are independent events. Then the probability of surviving all the encounters is p E(T ) so
The price for this simple computation is the unrealistic assumptions we need to justify it. The first is our requirement that paths be straight lines. The second is our use of a single value p for the survival probability for any single encounter. In fact the value of p depends not only on the geometry of the encounter, thus on the size of the bird, on the speed at which it crosses through a revolving rotor, on the angle the flight path makes with the vertical plane of the turbine and the distance from the center of the turbine at which the encounter takes place, but also on the active avoidance behavior of the bird. So to use the model in any particular case you must decide on an appropriate average value for p or, to compute an upper bound on mortality, a minimum value.
You can then use the model to calculate the average valuesĒ of E(T ) andM of M (T ) over an appropriate set of paths {T }. Because finding and justifying a correct value for p is extremely difficult, our results are more reliable forĒ than forM .
Imagine a flock of birds crossing the wind farm on the way from some distant point to some distant point. Each flies along one path from the set {T } of parallel paths on a particular compass bearing θ. We assume the paths cross a line segment perpendicular to the line of flight uniformly distributed along its length. We writeĒ =Ē(θ) and M =M (θ) since both averages may depend on the angle θ.
We compute averages both over paths that actually cross the wind farm, and over paths that cross a small circle that contains the wind farm, 1 for heights uniformly distributed over a specified vertical range. Two figures illustrate the geometry of the small wind farm we will use as an example vertical axis in order to present maximum area to the prevailing wind; the small circles in the figure represent the possible positions of the endpoints of the turbine rotors. This figure is not drawn to scale -in a real wind farm the distance between turbine centers would be on the 1 The circle is the smallest one containing the windfarm centered at the average position of the turbines. It's not the smallest circle containing the windfarm, which might have a different center, but it is close to that circle.
order of 5 to 15 turbine diameters rather than the approximately 1.5 turbine diameters shown. The dashed lines indicate the direction of flight, labeled θ, measured in degrees East of North. The small circle containing the wind farm has radius R; the actual diameter of the wind farm when birds fly on bearing θ is L(θ).
The side view (Figure 2 ) is what a bird would see looking ahead about to enter the wind farm, assuming for the moment that the flight is either upwind or downwind. Since the turbines rotate so that they always face the wind each one appears to the bird as a circle. White regions correspond to paths that miss all the turbines, light gray regions to paths that meet one and dark ones to paths that meet two. Then the average number of turbines encountered is just E(θ) = 2 × dark area + 1 × gray area total area where the total area of the rectangle is either 2BL(θ) or 4BR depending on the set of paths you are interested in.
The average mortality probability is (1)M (θ) = 1 − p 2 × dark area + p × gray area + white area total area It is clear that these areas and their generalizations for more than two encounters can all be computed exactly using elementary geometry and trigonometry. Our spreadsheet does that with an efficient algorithm that runs in time proportional to the number of turbines. That efficiency is possible because we assume p is independent of where a bird crosses a turbine. Chamberlain et. al. [5] discuss a similar model which requires numerical integration and the need to "adjust for overlapping rotors" in order to deal with a more complex determination of p.
Counting encounters, computing probabilities
In this section we present some mathematics that shows that you can computeĒ(θ) and an upper bound forM (θ) without needing even the elementary geometry required to calculate the gray and dark areas in Figure 2 . You don't need our spreadsheet: a calculator will do.
Imagine tacking targets (of any shape) to a dart board. Distribute them as you wish. You may (in fact should) let them overlap. Then suppose darts hit the dart board with a uniform distribution. LetĒ be the average number of targets hit by a dart. Theorem 1.Ē = total area of targets area of dart board .
Proof. Write X for the dart board. For each target t let let χ t be the characteristic function of t. That is, χ t (x) = 1 if x is in t and 0 if it is not. A dart landing at x hits t χ t (x) targets, so the average number of targets hit is
To model a wind farm, interpret paths as darts. We used the darts metaphor in the theorem in order to capture its true geometric generality. We find the theorem somehow simultaneously obvious and counterintuitive, and so think it useful and informative to provide this proof.
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Consider a wind farm with N turbines with blade length B. Recall that L(θ) is the "diameter" of the wind farm region perpendicular to bearing θ and R is the radius of the small circle containing the wind farm. Suppose bird flights are perpendicular to the rotor planes and uniformly distributed vertically between the top and bottom of the rotors.
Corollary 2. For flights that actually cross the wind farm on bearing θ
(θ) independent of turbine placement. For flights that cross the small circle
independent both of θ and of turbine placement.
Imagine an onshore windfarm: N turbines with centers D meters apart in a line along a ridge perpendicular to the prevailing wind. For flights with or against the wind, each bird meets no turbines, or just one. Since 2R ≈ L(θ) ≈ N D,
When B/D is on the order of 1/15 to 1/7 ([11]),Ē is on the order of 0.1 to 0.2. Between 10 and 20 percent of the birds encounter a turbine. The averageĒ is likely to be less than one for offshore windfarms as well, even though turbines tend to be bunched and birds can meet more than one. To see why, imagine N turbines arranged on a square grid and roughly filling a circle. Then the radius R of the circle will be approximately N/πD, where D is the distance between turbine centers along grid lines. Then Equation 3 implies Theorem 3. When birds encounter at most one turbine on bearing θ
Proof. The probability that a bird encounters a turbine isĒ(θ). If it does, it dies with probability (1 − p).
In general,
Fortunately, there's an easy estimate for this integral that provides an upper bound for mortality probability and a straightforward algorithm for computing the integral exactly using simple geometry. We present the former here. The latter is in the appendix and implemented in the spreadsheet.
Proof. Since the function z → p z is convex, Jensen's inequality implies that the average value of p t χt(x) is at least as large as pĒ.
There's a second estimate that's also useful because in practice, the survival probability p is quite close to 1.
Proof. Let q = 1 − p. Then q ≈ 0 and for any real number α
Setting α = t χ t (x) and integrating to compute the average value of the left hand side finishes the proof.
Theorem 3 says that this approximation is exact when birds encounter at most one turbine. The "lower order terms" we've ignored deal with multiple encounters. Figure 3 shows that it's a good estimate for Cape Wind -a real offshore windfarm -even with an unreasonably low survival probability of just 0.95. The (over)estimate smooths out the small variations in the computed mortality probabilities as a function of wind direction that are too precise to have any useful meaning. 
Bells and whistles
We can make the model more useful by adding a few more geometric input parameters. First, you may specify a range of heights at which birds are known to fly. If, for example, they tend to cross the wind farm at an altitude between the center of the turbines and a blade length above that center then the side view is shown in Figure 4 . The white, gray and dark areas are different but the computations forĒ(θ) and M (θ) are the same. A second feature allows you to evaluate the model when birds fly at an angle to the wind. In that case the birds see ellipses rather than circles. Their view is shown in Figure 5 . 
The spreadsheet
You will find the spreadsheet implementing our model at http://www.cs.umb.edu/~eb/windfarm/windfarm-v1-1.xlsm. Here we describe spreadsheet input and output and remind the user yet again of some of our assumptions. Figure 6 is a screen shot of that worksheet showing values for the small four turbine wind farm we've been using as an example.
• Locations of turbines. Specify these in a cartesian coordinate system with meters for units. We entered them in the worksheet Figure 6 . Spreadsheet for four turbine model.
named FourTurbines starting at cell A9 and told the model that in cells D16:D19.
To model your wind farm you may need to convert locations to a cartesian coordinate system. The CapeWind worksheet shows those calculations for the Cape Wind farm. Figure 7 shows the locations of the four turbines in our example. The input coordinates from the FourTurbines worksheet are on the right, the chart Excel drew in in the Graphs worksheet is on the left.
• Turbine blade length B, in meters -in cell D9. That's 9m in this example.
• The probability p that a bird encountering a turbine survives the encounter. We've entered 0.5 in cell D10. That number is much too large for a real windfarm. We use it here because it's easy to compute with so we will be able to check the output of the spreadsheet by hand.
• The height of the rotor centers, in meters -in cell D35. We use 30m in our example.
• The upper and lower limits for the altitudes at which birds fly.
Setting these to -bladelength and bladelength respectively leads to the side view in Figure 4 ; we use 30 − 9 = 21 and 30 + 9 = 39 meters. Setting both to 0 means that all birds fly at exactly the height of the centers of the turbines. Output.
• The radius of the smallest circle centered at (0, 0) surrounding the wind farm, in cell D41. For the FourTurbines example that's 41m.
• For each flight heading θ (wind direction ω)
-the expected numberĒ(θ) of turbines encountered, and the average over θ (ω). -the expected probabilityM (θ) (M (ω)) of bird mortality and the average over θ (ω). -the maximum number of encounters E(T ) for these paths and the corresponding maximum mortality probability.
• Excel charts displaying this information. Tips and workarounds.
• Before evaluating the model for your wind farm we suggest you familiarize yourself with the way the model works by playing with the four turbine example in the text and by building your own small models in the test worksheet in the spreadsheet. Experiment with two or three turbines, and with survival probabilities like 0, 0.5 and 1 for which you will be able to see that the answers are what you expect.
• The assumption that p is constant and known in fact unreasonable. The model assumes that a correct average value has been computed for input, leaving to others the argument about how to compute that average. Evaluate your model several times using different estimates for p to see how sensitive your results are to its value.
• When using the spreadsheet you should specify either a range of flight headings and a single wind heading, or a single flight heading and a range of wind headings. The spreadsheet will allow you to use two ranges, but the results may be difficult to interpret.
• To model a nonuniform distribution of flight paths over heights, perhaps with different mortality probabilities for each, you can evaluate the model multiple times, once for each subrange over which the height distribution is reasonably uniform, and combine the results using Excel functions.
• To model mortality probabilities that depend on the angle between the prevailing wind and the flight path you can evaluate the model multiple times for restricted ranges of angles, varying the probability as appropriate for each evaluation.
• To model mortality due to collisions with turbine supports, set the blade length to the radius of the support, the height range from 0 to 0 meters below and above the turbine center and the wind bearing range from 999 to 999. The spreadsheet will then compute values forĒ andM for paths at any height that might encounter the turbine supports. The expected numberĒ of encounters is likely to be small. The value ofM depends on the probability p of surviving an encounter, which may not be small.
Drawing Biological Conclusions
Since we posted the first complete draft of this manuscript and software in 2006 several papers have used it or referred to it. Here we summarize some of that literature.
The results suggest (as we expected) that our model can be used to provide a robust starting point for handling the geometry of the wind farm but that most of the work required to estimate bird mortality is in the biology -how many birds are there, where do they fly, and how do they behave?
The Nantucket Sound wind farm. Jeremy Hatch and Solange Brault used our model in their analysis [10] of bird mortality for the proposed wind farm on Nantucket Sound.
As we stressed in the introduction, modeling the probability of safe passage through a wind farm requires two steps: estimating the number E of turbines encountered , and the probability p of surviving one encounter. To estimate bird mortality in absolute terms requires a further estimate of numbers of each bird-group of interest at risk: those flying through the wind farm at turbine-height. Each component of these estimates has large uncertainty and is likely to show great variation, much of which is specific to the particular location and to the bird-group examined.
Hatch and Brault combine measured bird activity with robust estimation methods for the difficult survival parameter p. They use Monte Carlo methods to turn the single mortality probability estimates from our model into mortality probability distributions, and run sensitivity analyses to assess the importance of the estimates of each parameter.
Gordon et al [9] use the Cape Wind configuration and measured mortality from a nearby turbine at the Massachusetts Maritime Academy to develop a more robust methodology for risk assessment:
The Cape Wind modeling approach provides a foundation for exploring the use of models in offshore conditions where high uncertainty exists. The model developed by Bolker et al. (2006) is an example of a model requiring minimal inputs, employing simple geometry and basic probability theory to estimate avian mortality. This paper expands upon the original work of Bolker by directly incorporating observations of turbine avoidance behavior by terns into the published mathematical framework. In addition, we modify the Bolker framework by formally incorporating a risk based approach to decision making based on the model outputs, including the use of a formal uncertainty analysis.
The Belgian Part of the North Sea. Nicolas Vanermen and Eric W.M. Stienen [14] studied bird mortality for a proposed wind farm in the Belgian Part of the North Sea. They used our model to find a worst case estimate of the number of turbines encountered.
Appendix A. Algorithms
Here we provide an algorithm to evaluate the integral in Equation 6 , which is the formal statement of the numerator in Equation 1. It's an analogue of Theorem 1, true for some arrangements of targets on a dart board -fortunately, the ones we are interested in.
Let D 1 , D 2 , . . . , D N be a sequence of disks in the plane with the same radius and collinear centers, arranged in numerical order along the line of centers. Then for each i,
This is just what you can see in Figure 2 . It's also true for the shaded regions in Figure 4 . It's exactly what we need for the next theorem. 
where
Proof.
Adding these telescoping equations leads to (8) .
The last piece is the computation of the area of the intersections of the regions D i ∩ D j . The D i are circles when the flight direction is up or downwind. When the flight is at an angle to the wind, the D i are ellipses obtained by compressing circles along a diameter, with the same compression factor for each. Then we can find the areas of the intersections by decompressing to circles, finding those areas and then compressing the results.
Suppose C 1 and C 2 are circles of radius R, with centers O 1 and O 2 situated at a distance O 1 O 2 = 2d 2R. Let D 1 and D 2 be the segments of the disks bounded by lines parallel to the line of the centers, at distance a and b from the line of centers; these distances are positive if the line is above the line of centers and negative otherwise. The area of the intersection D 1 ∩ D 2 can be computed as follows using the elementary geometry illustrated in Figure 9 . 
